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Abstract. Let K be a complete discretely valued field with perfect residue 
field k. Assuming upper bounds on the relation between period and index 
for WC-groups over k, we deduce corresponding upper bounds on the relation 
between period and index for WC-groups over K. Up to a constant depending 
only on the dimension of the torsor, we recover theorems of Lichtenbaum and 
Milne in a "duality free" context. Our techniques include the use of LLR mod- 
els of torsors under abelian varieties with good reduction and a generalization 
of the period-index obstruction map to flat cohomology. In an appendix, we 
consider some related issues of a field-arithmetic nature. 



Introduction 
0.1. Notation and Terminology. 

For a field K, we let K scp denote a separable closure of K and K an algebraic 
closure of K . We write qk for Aut(K sop /K). 

If X/k is an integral variety, let X rcs denote its regular locus and I(X) the in- 
dex of X, i.e., the gcd of all degrees of closed points on X. 

For M a fjif-module and 77 e H l {K,M) a Galois cohomology class, we denote 
by P{rj) and I(rf) the period and index of 77 (c.f. [WCIIi §2]). Especially, if 
A/k is an abelian variety, then H 1 ^, A) is canonically isomorphic to the Weil- 
Chatelet group of A, which parameterizes torsors (X, /1) under A. Under this 
correspondence, we have I(rj) = I(X). 

Let G/k be an algebraic group scheme. Then G gives rise to a sheaf of groups 
on the flat site of Specif. We put H°{K, G) = G(K), and we denote by H l {K, G) 
the first flat cohomology, a pointed set. If G is commutative, for all i > we have 
flat cohomology groups H l (K, G) . No confusion should arise between flat and etale 
(= Galois, here) cohomology, because flat and etale cohomology coincide when G/k 
is a smooth group scheme, whereas if G/k is not smooth, strictly speaking Galois 
cohomology of G does not make sense. (Only once do we consider in passing the 
Galois cohomology of the maximal etale quotient of a non-smooth finite if-group 
scheme G, and then we use the notation G° to disinguish this quotient from G itself.) 

Recall that a principal polarization on an abelian variety A/k is a X-rational 
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element A of the Neron-Severi group NS(A) such that the corresponding homo- 
morphism tp\ : A — > A v has the property that (tp\)/Ksc P = ipc for some ample line 
bundle C G Pic(A^). We say that a polarization A is strong if the line bundle C 
can be chosen to be AT-rational. The coboundary map in cohomology of the short 
exact sequence of g^-modulcs 

-> Pic°(A)(A scp ) -> Pic(A)(A scp ) -> NS(A)(K scp ) -> 0, 

yields a homomorphism <J> PS : H°(NS{A )) -> J ET 1 (JT, A v ) such that A G NS(A)(K) 
is strong iff $ps(A) = 0. We recall from [PoStl §4] that 

$ PS (H°(K,NS(A))) C H\K,A V )[2}. 

It will then follow from Theorem [TT] that any polarization can be made strong by 
passing to a field extension of degree at most 2 2dlm . It is easy to see that every 
polarization on an elliptic curve is strong. 

0.2. The Main Theorem. 

Main Theorem. 

Let K be a complete discretely valued field with perfect residue field k. 

a) Suppose that there exists i 6 N and a function c : Z + — > Z + such that: for all 
abelian varieties A/ k and all torsors rj G H 1 (k,A), 

I(rj) < c(dimA)P(ny. 

Then there exists a function C : Z + — > Z + such that for all finite extensions L/K, 
all principally polarizable abelian varieties A/l and all torsors r\ G H (L,A), 

I(V) < C{dimA)P(n) dimA+ \ 

b) Suppose that char(fc) = 0, that there exists i 6 N and a function c : Z + — > Z + 
such that: for all finite extensions l/k, all nontrivial abelian varieties An and all 
torsors n G H (l,A), we have 

I(n) < c(dimA)P(n) dimA+l - 1 . 

Then there exists a function C : Z + — > Z + such that for all finite extensions L/K , 
all principally polarizable abelian varieties A/l and all torsors n G H l {L,A), 

I(n) < C(dimA)P{n) dimA+l . 
0.3. Outline of the paper. 

The theorem as stated above is admittedly rather technical. So we believe that most 
(if not all) readers will benefit from a discussion which places it in a larger context. 
We do so at some length in §1, beginning in §1.1 by recalling some prior instances 
of "transition theorems" in Galois cohomology and field arithmetic. Throughout 
the rest of §1 we repeatedly give examples and remarks to show that many of the 
complications in the statement of the Main Theorem are necessary. 

In §2 we introduce a new technical tool, the period-index obstruction map A 
in flat cohomology, which allows us to work with torsors with period divisible by 
the characteristic of the ground field, a case that was disallowed in our previous 
work on the subject. As a first indication that our formalism is a fruitful one, we 
derive a foundational result (Theorem [Tl]) bounding the index of any torsor under 
an abelian variety A in terms of the period and dim A, which had up until now only 
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been established in special cases. 

The philosophy of the present work is to analyze the local period-index problem 
from geometric perspective, more precisely in terms of the geometry of regular R- 
models of torsors. That we can proceed in this way is thanks in large part to two 
recent deep results on regular models due to Liu-Lorenzini-Raynaud and Gabber- 
Liu-Lorenzini. We begin §3 with careful statements of these results (the latter of 
which is, as of this writing, not yet publicly available). The rest of the section is 
devoted to a proof of the Main Theorem as well as a more precise result (Theorem 
[5]) for iterated Laurent series fields over the complex numbers. 

We have also included an Appendix, §4, which considers relations between the 
property of a field that all torsors under abelian varieties have rational points and 
some other, better known, properties of a field-arithmetic nature. 

0.4. Acknowledgements. 

This work was begun at the Mathematical Sciences Research Institute in 2006 
and essentially completed at Universite de Bordeaux I in 2009. I am grateful 
to both institutions for providing financial support and effective working environ- 
ments. Thanks to Q. Liu and S. Sharif for helpful conversations. 

1. Motivating the Main Theorem 
1.1. Transition theorems. 

Recall the C property of fields: a polynomial with coefficients in K which is ho- 
mogeneous polynomial of degree n in more than n l variables has a nontrivial zero. 
A field Co if and only if it is algebraically closed [FMVi Lemma 3.2]. Moreover: 

Theorem 1. a) (Chevalley) A finite field is C\. 

b) (Tsen) If K is Ci, then so is any algebraic extension L/K. 

c) (Tsen) If K is Ci and L/K has transcendence degree j, then L is C'i+j. 

d) (Lang) A CDVF with algebraically closed residue field is C\. 

e) (Greenberg) If k is Ci, then k((t)) is Ci+\. 

Proof. See [Ch], [H], [La52] - [Gr67] . □ 

Part c) can be rephrased as: if if is a CDVF with Co-residue field, then K is C\. 
This suggests that Greenberg's theorem might be generalized to the statement that 
a CDVF K with d residue field is C + i. In particular, E. Artin conjectured that 
p-adic fields are C%. But this turned out to be false: Q p is not Ci for any i. 

More recently other numerical invariants of fields with properties analogous to those 
of Theorem [1] have been considered. Especially, in [CGj J. -P. Serre defined, for a 
prime number p, the p-cohomological dimension cd p (K) of a field K as well as 
the cohomological dimension cd(K) = sup p cd p (K). The relation cd p (k) < i 
satisfies all the properties of Theorem [TJ Moreover, a C\ field satisfies cd p (fc) < 1 
for all p and even the stronger property mentioned above: if K is a CDVF with 
residue field k satisfying cd p {k) < i, then cd p (K) < i + 1 CG, Prop. 11.12]. 

In some cases there are relations between the cohomological dimension and ra- 
tional points on certain iVvarieties. For a perfect field K, cd(K) < 1 is equivalent 
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to the condition that any torsor under a connected linear group has a ^-rational 
point. For a perfect field K, Serre conjectures that cd(K) < 2 implies that every 
torsor under a simply connected, semisimple linear group has a iC-rational point, 
which is now known to be true in (at least) many cases. Finally, Voevodsky's work 
gives an interpretation of cd2(K) < i in terms of the u-invariant of quadratic forms. 

There is a closely related problem on Brauer groups. Say a field K satisfies property 
Br(d) if for all finite extensions L/K and all P € Z + , every class in Br(X)[P] has a 
splitting field of degree dividing P d . A perfect field K is Br(0) - that is, Br(L) = 
for all finite L/K - iff cd(K) < 1. Much of the content of class field theory is 
encoded in the statement that local and global fields are Br(l). It is not hard to 
show that if K is CDVF with perfect Br(i) residue field, then K is Br(i+1). On the 
other hand, the implication K is Br(d) => K(t) is Br(d+1) is widely believed to 
be true but remains open, perhaps the outstanding problem in the theory of Brauer 
groups. 

1.2. Property WC(i). 

A field K is WC(i) if for every abelian variety Aj K and every rj 6 H 1 {K,A)\P\, 
the index of i] divides P l . In particular, a field is WC(0) iff every torsor under an 
abelian variety A/ K has a iiT-rational point. 

Remark 1.2.1: Let L/K be a finite field extension, A/l an abelian variety, and 
B = Res^/A' be the Weil restriction of B from L down to K. Shapiro's Lemma 
gives a canonical isomorphism A) — H l (K, B). It follows that the property 

WC(i) is automatically inherited by all algebraic field extensions. 

Example 1.2.2: A PAC field is WC(0). In particular, separably closed =S> WC(Q)Q 

Theorem 2. (Lang, [La56j ) A finite field is WC(0). 

Geyer and Jarden have constructed many non-PAC WC(0) fields |GeJaj . 

Example 1.2.3: The field k = M is not WC(0): e.g. the smooth model of 



is a genus one curve without an R-point. On the other hand, since jjr = Z/2Z, 
every Galois cohomology group i/ l (R, M) with i > is 2-torsion. In particular, 
any nontrivial torsor under a real abelian variety has period equals index equals 2, 
so R is certainly WC(1). 

In view of the local transition theorems for properties Ci and Br(i), one might 
guess that if if is a complete discretely valued field with WC(i) residue field k, 
then K is itself WC(i+l), at least in equal characteristic. However, this is gener- 
ally very far from being the case, and is not even true in the (most favorable) case 
in which k is algebraically closed of characteristic 0. 



For more about the PAC property, see the Appendix. 



y 2 = -(.x 4 + l) 
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For g G Z + , let us write C 9 for the iterated Laurent series field C((ii)) • • • ((t ff ))Q 
In particular Ci = C((i)). The field C g has cohomological dimension g at every 
prime p, has property C g but not C ff _i, and has property Br(g-I). The absolute 
Galois group of C g is isomorphic to Z 9 . 

The following two classical results limit the WC(i) properties of these fields: 

Proposition 3. (Lang-Tale [LaTa, p. 678],) Let g,n G Z + with n > I. 

a) Let -E/c be any elliptic curve with j(E) G C. 

Then there exists a torsor r\ G H 1 (C g , E 9 ) with P(rj) — n, I(rf) = n 9 . 

b) Let -Eyc 2 be any elliptic curve with j(E) G C. 

Then there exists a torsor r\ G H 1 (C2 gi E 9 ) with P(rj) = n, I(n) = n 2g . 

Theorem 4. (Shafarevich [111 J For every n > 1, there exists an abelian variety 
j 4/c((t)) an d a torsor n G i? 1 (C((i)), A) such that P(rj) — n, L{rf) > n. 

So Ci = C((t)) is not WC(1). 
1.3. Property Almost WC(i). 

We do not know whether C((t)) is WC(2). However, it is at least "very close": 

Theorem 5. There exists a function f : Z + — > Z + such that: for any g G Z + ; any 
g- dimensional abelian variety ^4/c((t)) my torsor r\ G i/ 1 (C((i)), A), we have 

m < f(g)P(v) 2 - 

This motivates the following moderate loosening of the WC(i) property: 

A field k is almost WC(i) if there exists a function f(g) such that: for all fi- 
nite extensions l/k, all abelian varieties A/i and all 77 G H 1 ^, A), we have 

I(n) <. /(dim A)P( V y. 

Thus Theorem [S] asserts that Ci = C((<)) is almost WC(2). Moreover, Proposition 
[3] shows that C((i)) is not almost WC(0), whereas Theorem [4] does not rule out the 
possibility that C((£)) is almost WC(1). 

More generally, we shall prove: 

Theorem 6. For all i G Z + , the field Ci is almost WC(i+l). 

Theorems [5] and [6] are almost immediate consequences of the proof of the Main 
Theorem, so we give their proofs at the end of §3. 

In the other direction, Proposition [3] shows that Ci is not almost WC(i-l). 



Here we are, of course, using C to denote the field of complex numbers, although an arbitrary 
algebraically closed field of characteristic would serve as well. 
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1.4. Property (almost) weakly (pp) WC(i). 

The situation is much different for fields of mixed characteristic. 

Proposition 7. Let K/Q p be an algebraic extension such that K has finite degree 
over its maximal unramified subextension. Then K is not WC(g) for any g G N. 

Proof. Let g G N. In [WCII, §3.2] we construct a finite field extension K g /K, an 
elliptic curve E/ Kg and a torsor n G _ff 1 (i , C g , E 9 ) with P(rj) = p, I(j)) = p 9+1 . Thus 
the field K g is not WC(g). The conclusion follows by applying Remark 1.2.1. □ 

Nevertheless there are certainly nontrivial results on the period-index problem in 
WC-groups over p-adic fields, beginning with the celebrated theorem of Lichten- 
baum that period equals index for genus one curves over a p-adic field. One of the 
main results of [WCII] is the following generalization: 

Theorem 8. Let A/k be a principally polarized abelian variety over a p-adic field. 
For n £ let n G H (K, A)[n]. Assume that at least one of the following holds: 

(i) dim A = 1. 

(ii) n is odd. 

(Hi) There is a Q^-module isomorphism A[n] = H © H* , where H,H* are Cartier 
dual Qk -modules, each isotropic for the Weil pairing. 
Then I(rj) < (g\) P(r/) 9 . 

Proof. This is jWCIII Thm. 2]. □ 

If if is a sufficiently large p-adic field, then the proof of Proposition [7] constructs 
torsors r\ under abelian varieties A/ K of dimension g, period p and index p 9 . Thus 
the bound of Theorem [8] is sharp up to a multiplicative constant. 

This motivates the following definitions: 

We say that K is weakly WC(i) (rcsp. weakly pp WC(i)) if: for all finite 
extensions L/K, all nontrivial abelian varieties A/l (resp. all nontrivial principally 
polarized abelian varieties A/ L ) and all classes rj G H 1 ^, A), we have 

i(v) < P(j 1 ) dimA+l - 1 . 



In particular, in any weakly pp WC(1) field k, the analogue of Lichtenbaum's theo- 
rem holds: period equals index for all genus one curves over all finite extensions of k. 

Finally, we say that k is almost weakly WC(i) (rcsp. almost weakly pp 
WC(i)) if there exists a function C(g) such that for all finite extensions l/k, all 
nontrivial abelian varieties A/l (resp. all nontrivial pp abelian varieties A/l) and 
all classes 77 G i? 1 (L, A) we have 

I(V) < C{g)P dimA+l - 1 . 

With this terminology, Theorem[8] nearly asserts that a p-adic field is almost weakly 
pp WC(1), the drawback being the requirement of at least one of the additional 
hypotheses (i) through (iii). This drawback is removed by our Main Theorem. 
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1.5. Restatement of the Main Theorem. 

Let us now restate our main result using the language of the previous sections. 

Main Theorem. Let K be a CDVF with almost weakly WC(i) residue field k. 

a) If k is moreover almost WC(i), then K is almost weakly pp WC(i+l). 

b) //char(fc) = 0, then K is almost weakly pp WC(i+l). 

1.6. Examples and remarks. 

Remark 1.6.1: The hypothesis on the perfection of k is essential. Indeed, in [LLR, 
Remark 9.4] the authors construct a CDVF field K whose residue field is imperfect 
but separably closed (and hence WC(0) - c.f. the Appendix) of characteristic p > 
and, for all integers < r < n, a genus one curve over K of period p n and index 
p n+r . Thus K is not almost weakly pp WC(1). 

Example 1.6.2: Since E is almost WC(0), our Main Theorem shows that K = R((*)) 
to show that K is almost WC(1). Other hand, K is not WC(1): there exists a genus 
one curve Ci K of period 2 and index 4 [ WCIIIj . 

We saw above that a p-adic field has WC(0) residue field and is not almost WC(i) 
for any i. Here is a similar example in equicharacteristic 0: 

Example 1.6.3: Let k be a Hilbertian PAC field of characteristic |FA[ Thm. 
18.10.3]. Then k is WC(0), but for all P > 1, Hom(0 fe ,Z/PZ) is infinite. So 
for every g G Z + and P > 1, there exists a Tate elliptic curve E/k and a torsor 
X e H l {K,E 9 ) with period P and index P 9 . 

By a famous theorem of Lang, any finite field k is WC(0) |La56j Fl Thus the Main 
Theorem asserts that any local field - i.e., a finite extension of Q p or of F p ((i)) 
- is weakly almost pp WC(1). As mentioned above, this should be compared with 
Theorem [8] in this case the Main Theorem applies to all torsors under abelian 
varieties at the cost of a larger function C(g). 

Especially, let us take g — 1 and compare with the theorems of Lichtcnbaum and 
Milne. Our proof yields I | 192P for genus one curves over a field K with per- 
fect WC(0)-residue field. In particular (6, P) — 1 => P — I. Working a little 
more carefully and adding the hypothesis that 2k is procyclic, one finds easily that 
/ < 16-P and I | 48P. This leaves open the question of whether the full Lichten- 
baum theorem extends to our setting or whether the use of Tate duality is essential. 
We hope to return to this point in a future work. 

Another noteworthy feature of our Main Theorem is that, in contrast to the work 
of |Li68j . [Well], [WCIIj . torsors of period divisible by char(if) are not ruled out. 
However, Milne proved that period equals index for genus one curves over ¥ q ((t)) 
by establishing an analogue of Tate local duality in flat cohomology. Again, wc 
recover Milne's theorem up to a constant in a general setting to which Tate duality 



■^See the appendix for further discussion and a connection to an earlier result of F.K. Schmidt. 
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seems inapplicable. Our new technique is to generalize the period-index obstruction 
map A : H (K, A[P]) — > Br(if) to the setting of flat cohomology on Specif. For- 
tunately for us, we need only quite formal properties of A whose proofs are direct 
analogues of the corresponding ones in the etale case. In fact we also have work in 
progress on the explicit computation of A in terms of symbol algebras as is done 
in [WCIj . |WCIIj when A[P] is an etale group scheme whose corresponding Galois 
representation has sufficiently small image: |WCVj . 

2. The period-index obstruction map in flat cohomology 

Let K be an arbitrary field, Aj K an abelian variety of dimension g and P £ Z + . 
Then the morphism [P] : A — » A is an isogeny: in particular, on if -points we have 
a short exact sequence 

(1) -> A[P] (if) -> A(K) S A(K) -» 0. 

We recall the following basic fact |AVi §18]: 

Proposition 9. The following are equivalent: 

(1) The isogeny [P] : A — > A is separable, 
(ii) The finite K -group scheme A[P] is etale. 
(Hi) The characteristic of k does not divide P. 

When the equivalent conditions of Proposition [9] hold, [P] : A — > A is an etale 
covering, so the fiber over any point Q £ A(K scp ) is a finite etale algebra. It 
follows that the sequence 

(2) A[P](K scp ) A(K scp ) S A(K scp ) -> 
is exact. 

2.1. Perfect fields of positive characteristic. 

Suppose that if is a perfect field of characteristic p > 0, and let P = p k , k £ Z + . 
In this case ([lj and (jlj are one and the same, so that |2]) is exact. Letting A[P]° 
denote the maximal etale quotient of A[P], we may reinterpret © as a short exact 
sequence of abelian sheaves on the etale site of Spec K 

0^,4[P] A {F ^ A->0, 
and taking etale = Galois cohomology we get 

0^A(K)/PA(K) H\K,A[P} ) -> if 1 ^, A)[P] 0. 

Example 2.2.1: Let E/ K be a supersingular elliptic curve. Then E[P]° — 0, so that 
every torsor under E has a if -rational point. 

Returning to the general case, let n £ ii 1 (if, A)[P] be any torsor under A, and 
choose any lift of n to £ £ H 1 ^, A[P]°). By jWGIII Prop. 12], £ can be split 
by an extension of degree at most #A[P}° and has index dividing #A[P]°. But 
#A[P]° | P 9 , with equality iff A is ordinary. Since £ splits 77 splits, we have 

the following result. 

Proposition 10. Let K be a perfect field of positive characteristic p, let P be a 
power of p and let r\ £ H l (K, A)[P]. Then I(rj) | P{rf) 9 . 
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Remark 2.2.2: A similar argument applies to the "usual" Kummer sequence 
to give that 



1 - n p {K) -> G m (K) H G m (K) -» l, 



Bv(K)\p] = H 2 (K, (fi p )°) = H 2 (K,0) = 0. 
2.2. The Kummer sequence in flat cohomology. 

We return to the case of general K and P. In this case we have a short exact 
sequence of commutative algebraic A'-group schemes 

-> A[P] -► A 53 A 0. 

Viewing this as a short exact sequence of abelian sheaves on the flat site of K and 
taking flat cohomology we get 

0^ A{K)/PA{K) -+H x (K t A[P\) ^ H\K,A)[P] -»0. 

As an application of this formalism, we shall prove: 

Theorem 11. Let K be a field, A/ K a g- dimensional abelian variety, and r/ 6 
H l (K,A) a torsor. Then I(rj) \ P(n) 2g . 

Remark 2.3.1: Special cases of this result are due to Lang- Tate [LaTal p. 678], 
Lichtenbaum [Li70|. Thm. 8] and Harase [Ha( Thm. 4]. 

Proof. We will show that any class £ € H 1 ^, A[P]) splits over a field of degree at 
most P 2g . By the surjectivity of H 1 ^, A[P]) — > H 1 ^, A)[P], this implies that any 
r\ G H 1 ^, A)[P] has a splitting field of degree at most P 2g . By an easy primary 
decomposition argument as in |WCII[ Prop. 12], we conclude that I{rj) \ P 2g . 

To establish this, consider the if-group scheme A[P] : it is the group scheme of all 
automorphisms ip of A commuting with [P] : A — > A: [P] = [P] o <p. Therefore, by 
the principle of descent, the flat cohomology group ^{K, A[P]) classifies (K/K)- 
twisted forms of [P] : A — + A, i.e., morphisms q : X — > A fitting into a diagram 

[P] 

A/K * A/K 

In particular, X/k is a torsor under A and the map q : X — > A has degree equal 
to the degree of [P] : A — > A, namely P 2g . Thus g*([0]) is an effective ^-rational 
zero-cycle on X of degree P 2g , so yields a closed point Q on X such that [K(Q) : 
K] < P 2g . Over the field extension K(Q), the morphism q : (X, Q) — > (A, O) and 
is therefore isomorphic to [n]/K(Q) : A A. It follows that K(Q) is a splitting 
field for £, completing the proof. □ 

Remark 2.3.2: In the earlier literature on the subject, together with the index one 
finds the separable index, the least positive degree of a X-rational divisor with 
support in K scp . Our proof of Theorem 1 1 1 1 does not give an upper bound for the 
separable index. However, the recent preprint [LiuGaj shows that the index is equal 
to the separable index for smooth varieties over any field. In particular this applies 
to torsors under abelian varieties and gives that the separable index divides the 
(2g)th power of the period. 
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Corollary 12. Let (A, X)/k be a principally polarized abelian variety. Then there 
exists a field extension L/K of degree at most 2 2dimA such that (A, X)/l is strongly 
principally polarized. 

Proof. As recalled in §0.1, the obstruction to A being strong is an element <&ps(A) E 
H 1 {K, A) [2] . Now apply Theorem [HQ □ 

2.3. The period-index obstruction in flat cohomology. 

Let (A, X) be a strongly principally polarized abelian variety over an arbitrary 
field, and let P > 2 be an integer. Let C be the Pth multiple of the principal 
polarization. Then D. Mumford has defined a theta group 

(3) -> G m -> Gc -» A[P] -» 0, 

in which G m is the exact center |AV[ § 23]. When char(fc) J P, © can be viewed 
as a sequence of sheaves of groups on the etale site of K . Because G m is central in 
Qc,i there is a connecting map in nonabelian Galois cohomology 

A:Hl t {K,A[P])^Hl{K,G m ). 

The map A was first studied by C.H. O'Neil in the case of dim A — 1. She had the 
fundamental insight that A is intimately related to the period-index problem, and 
accordingly she named A the period-index obstruction map. 

Now we define the period-index obstruction map in arbitrary characteristic. To 
do this, it suffices to identify (|3J) as a central, short exact sequence of sheaves of 
groups on the flat site of Specif. We then get a connecting homomorphism 

A : Hl(K, A[P}) -» Hi(K, G m ) = H* t (K, G m ) = Br(K); 

again we have used the equality of flat and etale cohomology for smooth if -group 
schemes. Moreover, having already introduced the notation H*(K, (A[P])°) for the 
etale cohomology of the maximal etale quotient of A[P], it seems completely safe 
to abbreviate H^(K,A[P}) to H*(K,A[P]), and we do so in the sequel. 

The relation between A and the period-index problem is as follows. Let r\ £ 
P 1 (if, A)[P], and let £ be any lift of r\ to H X {K, A\P]). We again apply the princi- 
ple of descent to characterize P 1 (if, -A[P]) as parameterizing a set of twisted forms 
of A endowed with extra structure. This time our fundamental object is the mor- 
phism into projective space determined by the ample, basepoint free line bundle 
£: ip : A — > P N . It follows from the definition of the theta group scheme that 
A[P] is precisely the group of translations t x of A which extend via tp to linear 
automorphisms j(t x ) of W N , i.e., which render the following diagram commutative: 

A A 




The twisted forms of tp are morphisms X — > V , where X is a torsor under A and V 
is a Severi-Brauer variety. There is therefore a corresponding class [V] in the Brauer 
group of K. In |WCH( §5] it is shown that A(X -> V) = [V]. The key step is that 
A : H\K,A[P}) -f H 2 (K,G m ) factors through H^(K,PGL N ) = H^(K,PGL N ) 
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(smoothness again). The map H (K, PGLat) — > H 2 (K,G m ) can be computed 
explicitly in terms of cocycles as in §5 of loc. cit. 

This has the following consequence: suppose that 77 G A) is a class for 

which there exists at least one Kummer lift of 77 to £ e H 1 ^, A[P]) such that 
A(£) = 0. Then £ corresponds to a morphism / : X — > P N of degree equal to the 
degree of (pc, namely (g\)P 9 . Intersecting the image of / with a suitable linear 
sub-variety of P N and pulling back via /, we get a if -rational zero cycle on X of 
degree g\P 9 . We conclude that I(rf) < (g\) P 9 . 

Theorem 13. The period-index obstruction map is a quadratic map on abelian 
groups: the associated map 

B : H^K^iP}) x H X {K,A[P\) -» Bt(K), (x,y) h-» A(x + y) - A(x) - A(y) 

is bilinear. 

Proof. Again, the key is that A : H 1 (K, A[P]) -> H 2 (K,G m ) factors through 
i? 1 (if, PGLjy), so A satisfies the same formal properties as the connecting homo- 
morphism A' for the central short exact sequence of smooth group schemes 

1 — > G m — ► GLpf — ► PGLjy — ► 1. 

Finally, it follows from a theorem of Zarhin that A' is a quadratic map |Zaj . □ 

Corollary 14. Define P* to be P if P is odd and 2P if P is even. Then 

&{H l (K,A[P])) cBt(K)[P*]. 
Proof. This holds for any quadratic map between abelian groups: WCII, §6.6]. □ 

This has as a consequence the following relation between Brauer groups and WC- 
groups, a characteristic- unrestricted version of |WCII| Thm. 6]. 

Theorem 15. Suppose that a field K is Br(d) for some d £ N. Then K is almost 
weakly pp WC(d+l). 

Proof. Let L/K be a finite extension, and let (A, X)/l be a principally polarized 
abelian variety of dimension g. By Corollary 1 121 up to replacing L by an extension 
field of degree at most 2 2g , we may assume that the polarization is strongQ Let 
rj € A) be any class, and choose any lift of 77 to £ £ iP-(L, A\P\). By Corollary 

[T4l A(£) £ Br(L)[2P], so by our Br(d) assumption, there exists a splitting field M/L 
for A(£) of degree at most 2 d P d . Since A(£| M ) = (A£)|m = 0, it follows that there 
exists an M-rational zero-cycle on the corresponding torsor X of degree (g\)P 9 , so 
altogether 77 has a splitting field of degree at most 

□ 

In the sequel, we will use the following special case: if Br(K) = 0, then for any prin- 
cipally polarized abelian variety A /K and 77 £ H l (K,A), 1(77) < 2 2g (g\) P(rj) d[mA . 



We will need to use this observation several times in the sequel. We will not further belabor 
the point but just include a correction factor of 2 2dlmA whenever we make use of the period-index 
obstruction map. 
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3. Proof of the Main Theorem 

3.1. Travaux de Gabber-Liu-Lorenzini, Liu-Lorenzini- Raynaud. 

Theorem 16. (" [LLR1 Prop. 8.1]) Let K be a discretely valued field with valuation 
ring R and perfect residue field k. Let A/k be on abelian variety with good reduction. 
Then any torsor V under A admits a proper regular model X /r endowed with an 
action A x r X —> X extending the structure of a torsor under A/k on the generic 
fiber and such that the map Axr X — > X xr X given by (a,x) \— > (ax, x) is 
surjective. Then the reduced subscheme X* e k d of the special fiber is a torsor under 
an abelian variety isogenous to A/ k . 

We will call a model X/r as in the statement of Theorem [TBI an LLR model. 

Theorem 17. (Index Specialization Theorem |GLL| ) Let K be a Henselian dis- 
cretely valued field with valuation ring R and residue field k. Let X be regular 
scheme equipped with a proper flat morphism X — ► Speci?. Denote by X/ K (resp. 
X/ k ) the generic (resp. special) fiber of X — > Speci?. Write X k as "Y^^r^i, 
where each Ti is irreducible and of multiplicity in X/ k . Then 

i(x /K ) = gcd n i(r^). 

i 

3.2. Beginning of the proof. 

Suppose K is complete, discretely valued field with perfect residue field k. If 
char(/c) = 0, we are assuming the existence of i G N and a function c : Z + — * Z + 
such that: for all finite extensions l/k, all nontrivial abelian varieties An and all 
torsors rj £ -ff 1 (Z, A) , we have 

Ifa) < c(dimA)P{7 1 ) dimA+l - 1 . 

If char(fc) > 0, we assume that there exists i € N and a function c : Z + — > Z + such 
that for all abelian varieties A/k and all torsors 77 £ A), 

7(77) < c(dimA)P(T 1 ) i . 

In either case we wish to show that there exists a function C : Z + — » Z + such that 
for all finite extensions L/K, all principally polarizable abelian varieties A/l and 
all torsors rj S H 1 ^, A), 

I(n) < C(dimA)P(n) dimA+t . 

Both the hypothesis and the conclusion are stable under finite base extensions, so it 
is no loss of generality to assume L = K . Thus, let A/k be a principally polarizable 
abelian variety and rj £ H 1 (K, A) . Let (X mu) be the corresponding torsor under 
A. By (common) abuse of notation we will omit the action ji in what follows. 

3.3. Good reduction. 

Suppose A/ K has good reduction. 

In the case when k is WC(0) we can prove somewhat sharper results, so we be- 
gin there and then discuss modifications necessary to establish the general case. 
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Let P U nr (resp. J U nr) denote the period (resp. the index) of the torsor X ex- 
tended to the field K unr . As for every field extension, we have P unr | P and J unr | L. 
By Lang's theorem Br(K unr ) = 0, so by TheoremHH J unr < 2 2 %!) P^. 

Therefore the following result implies the Main Theorem in this case. 
Proposition 18. Suppose that A has good reduction and k is WC(0). Then 

P — P J — J 

Proof. Step 1: We claim that V does not split in K unT . (In other words, since V is 
arbitrary, we claim that the relative WC-group iP(if unr /if, A) is trivial in the case 
of good reduction.) Indeed, suppose to the contrary that X admits a if unr -rational 
point. Let A/r be the Neron model of A and X/r an LLR model. It follows that 
the special fiber of X is smooth. Now we use our WC(0): X(k) ^ 0. By Hensel's 
Lemma, V{K) ^ 0. 

Step 2: Now consider the class rj' = P U nr?/ in iP(-ftT, A). We have 

7/| Ku „ = P unr ry|ifu„r = P U nr(W"'») = 0, 

so by Step 1 rj' = 0. It follows that P | P un r, so P = P uni . 

Step 3: We appeal to the LLR-model X /R of Theorem [16] The condition WC(0) 
implies that has a fc-rational point. By the Index Specialization Theorem, the 
index of X is equal to the multiplicity of the special fiber. This quantity does not 
change upon unramificd base extension, so / = I unr . This completes the proof of 
Proposition [TH and with it the good reduction case of Theorem ll.5a ). □ 

Virtually the same argument works if k almost WC(0): i.e., if there exists a constant 
c(g) such that for all principally polarized A/^ and ?/ G H 1 (k,A), I(n) < c(g). Let 
X be the torsor corresponding to r\ and X/ R its LLR-model. By assumption, after 
making a field extension of degree at most c(g), the reduced special fiber has a ratio- 
nal point. Again by index specialization, it follows that we can further trivialize the 
class by making a totally ramified extension of degree I unr < 2 29 g!P 1 f nr < 2 2g g\P 9 . 
Thus overall V can be split by an extension of degree at most 2 2g (g\) c(g) P 9 . 

Next we recall the following closely related result, which is essentially due to Lang 
and Tate (c.f. [LaTal Cor. 1]). 

Corollary 19. Let K be a CDVF with perfect WC(Q) -residue field k. Let A/k an 
abelian variety and n G LL X (K, A). Lf char(fc) does not divide P(rj), then a finite 
field extension L/K splits X if and only if e{L/K) \ P(r)). 

Proof. Let L/K be a finite extension splitting V. As for any finite extension of a 
local field, we can decompose it into a tower L/M/K, where M/K is unramificd 
and L/M is totally ramified. By our previous results, we know that the unramificd 
extension M/K is index-nonreducing: I{V/l) = L = P. So certainly P divides 
[L : M] = e(L/K). Conversely, suppose L/K is a finite extension with P | e(L/K); 
we wish to show that L splits V. Decomposing L/K into L/M/K as above, it 
is enough to show that L splits V/m, i-e., we reduce to the case in which L/K 
is totally tamely ramified (ttr). By the structure of ttr extensions, there exists a 
unique degree P subextension, so we may further assume that [L : K ] = P. But we 
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know that there is at least one degree P ttr splitting field, and although there are 
in general several ttr extensions of degree P, the compositum of any two of them 
with K unr coincide. It follows that each such L/K is a splitting field. □ 

Remark 3.2.1: In the case in which k = k, we can say even more: by the criterion 
of Neron-Ogg-Shafarevich, we have A[P] = A[P](K), and A(K) is P-divisible, so 
the Kummer sequence trivializes to give isomorphisms 

H\K, A)[P] = YLom{ QK ,A[P]) = Hom( flfc , Z/PZ) 29 

which are functorial with respect to restriction to finite extensions. Since tame 
ramification groups are cyclic, we get Hom(gxj Z/pZ) — Z/PZ, i.e., every element 
of H X (K, A)[P] is split by k((t^)), the unique degree P extension of K. 

Next, suppose that k is almost WC(i). Arguing as above, the Index Specializa- 
tion Theorem gives us 

(4) I(V) = IunMHX}?)- 

Combining the estimate Iunr(v) < 2 29 (g!) P(?y) uur of Theorem H"5l and 
I{X% d ) < c{g)P{X)f)y < c(g)P( V Y, 

we conclude 

I{ri) < 2 29 ( 5 !) c{g) P( V y+\ 
establishing the Main Theorem in this case. 

Finally suppose that char(fc) = 0. Then by Corollary [lT)l 

IunM = PunM I P(rj). 
Substituting this into ([!]) and using our hypothesis that I(X^ d ) < c(g)P(r/)f+ 4 - 1 , 
we conclude that 

I(rf) < c{g)P{r,Y +i . 

3.4. Purely toric reduction. 

Proposition 20. (Gerritzen) Let K be any field. Let A be a QK-module and 
r C A a QK-submodule which is torsionfree as a TL-module and such that T Bk = T; 
put A := A/T. Suppose also that H X (L, A) = for all finite extensions L/K . Let 
r\ € Li x (K, A) be a class of period P. Then: 

a) i] has a unique minimal splitting field L = L(rj). 

b) The extension L/K is abelian of exponent P. 

c) I(r]) | P 9 , where g — dimq)(r ® Q) is the rank ofT. 

Proof. See [Ge] or jWCIII Prop. 16]. □ 

Now let Aj K be a g-dimensional abelian variety with split toric reduction: the 
identity component of the Neron special fiber is G^. Then A admits an analytic 
uniformization: it is isomorphic, as a rigid i^-analytic group, to r\G^, where 
r = Z 9 is a discrete subgroup. 

Corollary 21. Let K. be any complete, discretely valued field, and let Air be a 
g-dimensional analytically uniformized abelian variety. For any n € P 1 (X, A), 

m i p(v) g - 
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Proof. We apply Proposition [20] with A = Gf Tl (if scp ). By Hilbert 90, H X {L, A) = 
for all finite L/K by Hilbert 90. The result follows immediately. □ 

Now assume A has purely toric reduction, not necessarily split. Then there exists a 
function F\{g) such that the torus splits over an extension of degree dividing F\(g). 
Thus, at the cost of possibly multiplying the ratio I/P by Fi(g), we can reduce to 
the previous case, getting / | F\(g) ■ P 9 . 

3.5. General case. Now we recall the following result, due to Bosch and Xarles 
BoXa], in the form which is proved in |ClXaj : 

Theorem 22. (Uniformization Theorem) Let A/k be a g- dimensional abelian vari- 
ety over a complete field. Then there exists a semiabelian variety S/k °f dimension 
g, whose abelian part has potentially good reduction, a qk -module M whose under- 
lying abelian group is torsion free of rank equal to the toric rank of S and an exact 
sequence of Qk -modules 

(5) -f M -> S(K scp ) -» A(K scp ) -> 0. 

Moreover rank^ M BK — s, the split toric rank of the Neron special fiber of A. For 
every finite extension L/K, the identity components of the Neron special fibers of 
S/L and A/ L are isomorphic. 

Moreover, by making a base extension of degree depending only on g, we can achieve 
split semistable reduction: 

Lemma 23. For any positive integer g, there exists an integer F(g) such that for 
any g-dimensional abelian variety A over a CDVF K , there exists an extension 
L/K of degree at most F\{g) such that A/ L has split semistable reduction. 

Proof. To get semistable reduction, we can trivialize the Galois action on A[3] (if 
the residue characteristic is not 3) or on A[4] (if the residue characteristic is not 2), 
and to split the toric part of the reduction we need to trivialize the Galois action 
on a rank d < g finite free Z-module, which can be done over an extension of degree 
at most #GL d (Z/3Z) < #GL S (Z/3Z). Thus we could take 

Fx(g) = (max#GSp 2g (Z/3Z),#GSp 2g (Z/4Z)) • #GL 9 (Z/3Z). 

□ 

After making the reduction split semistable, the exact sequence ([5]) above becomes 

(6) -> If -> S(K scp ) -► A(K scp ) -» 0, 
where S/k is a semiabelian variety of the form 

(7) - <G£ - S -> B -> 0, 

and B is abelian with good reduction. Taking gx-cohomology of <j6j) gives 

Q^H\K,S) -> H\K,A) H 2 (K,zy i 
Moreover, taking gx-cohomology of ([7]) and applying Hilbert 90, we get an injection 

^{K^S) <-> H X (K,B). 

Finally, we have 

H 2 (K 7 Zf = Uom(K,Q/Zf. 
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So, starting with any class rj G ^(K, A)[P], put £ = 5(rj) G H 2 (K, Z). There is an 
abelian extension L/K of exponent dividing P and degree dividing P M which splits 
£, so that 7?|l G H 1 ^, S) -B). Since P is an abelian variety of dimension 

g — fi with good reduction, the work of Section §3.2 applies to show that r\\h can be 
split over an extension M/L of degree at most C(g — ^)P 9_AI+l , so overall 77 can be 
split by an extension M of degree at most C(g - /j)Pi(g)P 9+i < C (g)F 1 (g)P a+ \ 
where C'(g) — max\<j< g C(j). This completes the proof of the Main Theorem. 

3.6. K = C g . 

We now give the proof of Theorems [5] and [6l 

First, let K — C((i)) and let A/ K be an abelian variety of dimension g. In Corollary 
[19] we established that if A has good reduction, any class rj G H 1 ^, A) has period 
equals index. At the other extreme, if A has split multiplicative reduction, then 
H 1 (K, A) [P] injects into X = Hom(g#- , (Z/PZ) 9 ). However, because qk — Z is 
procyclic, any element of Hom(gK , (Z/PZ) ff ) splits over a degree P field extension, 
thus period equals index in this case as well. Finally, after making a field extension 
of bounded degree f(g) to attain split semistable reduction of A, the devissage 
argument of §3.4 shows that we can split any class 77 G H 1 (K 1 A) by first splitting 
its purely toric part and then splitting its good reduction part, getting overall a 
splitting field of degree at most f(g)P 2 . This completes the proof of theorem 

Now let K = C 2 = C((ti))((t 2 ))- This time q k = Z 2 , so that if A has split 
multiplicative reduction the sharp upper bound on the index is P 2 . Once again, 
after making a base extension of degree f(g) to ensure split semistable reduction, 
the critical case is getting an upper bound on the index in the case of good reduc- 
tion. But now something extremely fortunate occurs: both the residue field k and 
the maximal unramified extension K nm are isomorphic to Ci = C((t))! So, by a 
now familiar argument with the Index Specialization Theorem, we can split a class 
of period P by an extension of degree at most /(2)P 2 • P = /(2)P 3 . The general 
case follows by an obvious inductive argument. 

4. Appendix: Some Related Field Arithmetic 
4.1. PAC and II fields. 

A field k is PAC (pseudo-algebraically closed) if every geometrically integral k- 
variety has a fc-rational point. A field k which admits a geometrically integral 
variety Vi^ of positive dimension with only finitely many fc-rational points cannot 
be PAC: apply the definition to the complement of the set of rational points! In 
particular a finite field is not PAC. 

Remark 4.1.1: Since every geometrically integral variety of positive dimension over 
an infinite field contains a geometrically integral curve |FA[ Cor. 10.5.3], it suffices 
to verify the PAC condition on geometrically integral curves. 

Example 4.1.2: All algebraically and separably closed fields are PAC. An infinite 
algebraic extension of a finite field is PAC. A nonprincipal ultraproduct of finite 
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fields is PAC. Certain large algebraic extensions of Q are PAC. Any algebraic ex- 
tension of a PAC field is PAC. 

A field k has property II if every geometrically irreducible variety over k has a 
fc-rational zero-cycle of degree one. Again, it suffices to check this for curves. 

Example 4.1.3: Any PAC field is II. A theorem of F.K. Schmidt [Sc] implies that 
every geometrically integral curve over a finite field F has a zero-cycle of degree 
1. Applying the above remark about curves lying on higher dimensional varieties 
to the maximal pro-p and maximal pro-g extensions of F for primes p 7^ q, one 
sees that F is II. Example 4.1.4: Geyer and Jarden define a weakly PAC field 
to be a field k such that for every geometrically integral variety V such that V ^ 
is birational either to projective space ("Type 0") or to an abelian variety ("Type 
1") already has a if-rational point. Evidently weakly PAC implies WC(0), so the 
following result gives many examples of WC(0) fields: 

Proposition 24. (Geyer- Jarden |GeJa|, Lemma 2.5]) For any countable field ko, 
there exists a countable extension field k with the following properties: 

(i) k is weakly PAC. 

(ii) For every smooth curve CW of genus at least 2, C{k) — C(ko). 
4.2. Two implications. 

It is well known to the experts that the property II implies the property Br(0). 
In this section we will factor this implication through the property WC(0). 

Proposition 25. Let k be a II field, and let G/k be a connected commutative 
algebraic group. Then H l {k,G) = 0. In particular, k is WC(0). 

Proof. The elements of H 1 (k, G) correspond to torsors X under the group G, and 
as in the case of WC-groups, the period of X - i.e., its order in the torsion group 
H 1 (k,G) - divides its index, which is equal to the least positive degree of a zero- 
cycle on X. The result follows immediately. □ 

Remark 4.2.1: It seems to be unknown whether the converse holds, nor even whether 
all of the WC(0)-fields constructed by Geyer- Jarden have the II property. 

Theorem 26. A perfect WC(0) field k has the property Br(0). 

Proof. Step 0: It is enough to show that for any finite extension fe'/fc and any prime 
number t, Br(fc')[f] = 0. However, by our hypotheses are stable under finite base 
change, so we may as well assume k' = k. Further, let p > be the characteristic 
of k. In case p > 0, the assumed perfection of k implies that Br(fc)[p] = |CG[ 
§11.3.1], and hence Br(fc')[p] = 0. Thus we may assume that £ is different from the 
characteristic of k. 

Step 1: We recall the following celebrated theorem of Merkurjev-Suslin: Let k 
be a field of characteristic p > and n is a positive integer indivisible by p. If k 
contains the nth roots of unity, then Br(fe)[n] is generated by the order n norm- 
residue symbols {a,b) n as a, b run though k x /k xn |MeSu| . 



Step 2: We recall a consequence of the theory of the period-index obstruction 
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map A: let £ be a prime number, M a field of characteristic not equal to £, 
and E/m an elliptic curve with full ^-torsion rational over M: #E(M)[£] = £ 2 . 
(By the Galois-equivariance of the Weil pairing, this implies that M contains the 
£th roots of unity.) Then H 1 (M, E[£j) = (M x /M xe ) 2 , and for £ > 2, the map 
A : H l {M,E[l!^) -» Br(M) is of the form (a, 6) i-> (Cia,C 2 &)£ - (Ci, C 2 ) £ for 
suitable C\,Ci S lf x . (More precise results are now known, but this weak ver- 
sion has the advantage of treating £ = 2 and I > 2 uniformly, so is useful for our 
present purpose.) It follows that the image of A contains every norm residue sym- 
bol, and therefore, by Merkurjev-Suslin, the subgroup generated by the image is all 
of Br(M)[£}. So, if for our particular elliptic curve E/ M we have H 1 {M, E)[£] = 0, 
it follows that Bx{M)[£] = 0. 

Step 3: If £ — 2, this strategy succeeds in a straightforward manner: over ev- 
ery field k of characteristic different from 2, there exists an elliptic curve with full 
2-torsion, namely y 2 = x(x — l)(.x — 2). So if every hyperelliptic quartic curve over 
k has a rational point, every conic over k has a rational point. 

Step 4: If £ > 2, we need not have an elliptic curve E/ k with full ^-torsion, since 
in particular we need not have the £th roots of unity rational over k. So we em- 
ploy a trick. Let E/k be any elliptic curve with complex multiplication by any 
imaginary quadratic field. Let m — k(E[£]). Then [m : k] divides either 2(£ 2 — 1) 
or 2(£ — l) 2 , so in particular is prime to £. It follows that the restriction map 
Br(fc)[^] — » Br(m)[f] is injective, so it suffices to show that Br(m)[^] = 0. By 
hypothesis we have _ff 1 (m, E)[£] — 0, so that applying Step 2 we conclude that 
Bi(m)[£] = and hence Bv(k)[£] =0. □ 

Example 4.2.2: Br(0) does not imply WC(0). This goes back to work of Ogg and 
Shafarevich: neither C(t) nor C((i)) is a WC(0) field. In fact, if A/£/m\ is a g- 
dimensional abelian variety with good reduction, then consideration of the Kummer 
sequence 

-> A{k)/nA{k) -> H l {k,A[n}) -> H l {k,A)[n] -> 
swiftly yields H 1 {k,A) ^ (Q/Z) 2 f. 

Remark 4.2.3: By a restriction of scalars argument, the proof easily gives that 
for any £ prime to the characteristic of k, if Br(fc)[£] ^ 0, then there exists a 
principally polarized abelian variety A/^ of dimension at most 2(£ 2 — 1) such that 
H\k,A)[£]^Q, 

Remark 4.2.4: It follows easily that weakly WC(0) implies Br(fc)[^] = for all 
sufficiently large primes £. Indeed, weakly WC(0) implies that there exists a fixed 
prime £q such that for all £ > £q and all principally polarized abelian varieties A /f. 
we have H 1 {k,A)[£] =0. 

Remark 4.2.5: It seems likely that the result is true without the assumption on 
the perfection of k. The characteristic p analogue of the Merkurjev-Suslin theorem 
is the (much earlier and easier) theorem of Teichmuller: for all r > 1, Br(/c)[p r ] is 
generated by cyclic algebras |Te] , [GiSzj . To make use of this we need to know the 
explicit form of the period-index obstruction map in the flat case, so we defer the 
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issue to }WC Vj . Example 4.2.6: Let F be a finite field. By elementary arguments 
involving the zeta function, F.K. Schmidt showed that the index of any nice curve 
over a finite field is 1. It follows from Remark 4.1.1 that finite fields are II. Using 
Proposition 1251 and Theorem[26]we deduce two more famous theorems: Lang's the- 
orem that a torsor under a connected, commutative algebraic group has a rational 
point, and Wedderburn's theorem that the Brauer group of a finite field is trivial. 

Next we recall the following theorem: 

Theorem 27. (Steinberg, [St] J Let k be a perfect Br(0) field and G/k a smooth, 
connected algebraic group. Then ff 1 (fc,G) = 0. 

Corollary 28. If k is a perfect field such that H l {k, A) = for all abelian varieties 
A/k, then i? 1 (A:,G) = for all connected algebraic groups G/k- 

Proof. Recall that every connected algebraic group G over a perfect field k admits 
a Chevalley decomposition BLR, Ch. IX]: there is a (unique) normal linear 
subgroup L of G such that G/L — A is an abelian variety. The result now follows 
"by devissage", using the exact sequence of |CG| § 1.5.5, Prop. 38]. □ 

Finally, the proof of Theorem [26] leads naturally to the following question. 

Question 1. Let k be a field. Characterize the set of all elements in the Brauer 
group which arise as the obstruction associated to a k-rational divisor class on some 
genus one curve C/k- Is it, for instance, the class of all cyclic algebras? 

Remark 4.2.7: It is also possible to ask the question on the level of central simple 
algebras. The Severi-Brauer variety associated to a degree n > 2 divisor class on a 
genus one curve C is a twisted form of P n , and the corresponding central simple 
algebra has degree n — 1. The problem can also be stated geometrically: find all 
Severi-Brauer varieties V/k such that there exists a genus one curve C/k and a 
morphism C — > V . 
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